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Abstract
In this study, the development of novel composite biomaterials for use as biodegradable adsorbents and or bio-carriers during
wastewater treatments was carried out using Galerkin’s finite element analysis. Several literatures in the past showed that the
increment in number of wastewater treatment plants, made it difficult to manage the wastewater systems. Therefore, to ensure
proper discharge from the wastewater treatment plants, new and stricter regulations for nutrient removal have to be incorporated.
Several wastewater treatment measures that have been adapted to date includes: bio filtration, ion exchange, sedimentation, solvent
extraction, chemical oxidation, membrane processes, coagulation, oxidation, Fenton process, and electro coagulation. The data used
in this analysis were obtained from various literature sources and were analyzed using Galerkin’s finite element analysis method in
order to develop models that would analyze the empirical parameters affecting wastewater treatments. The result obtained showed
that the removal efficiencies for wet season are TDS (16), BOD (63), COD (55.8) and N (72%) respectively. The results justified the
presence of high impurities as a result of influx of wastes from industries, households etc into the river body.
Keywords: Galerkin; wastewater; Biomaterials; Biodegradable; Oxygen

Introduction
Freshwater is the chief constituent of the planet and is
essential for the survival of all living organisms [1-5]. The
continuous addition of undesirable chemicals, agricultural wastes
[11], civilization, industrial wastes, other environmental and global
changes etc. reduced the quality of water resources [18]. Over the
last century, major part of the world has been facing degradation of
environment because of the continuous growth in population [12].
With the growing population, there is a striking increase in usage
and wastage of water for domestic purposes. Domestic wastewater
is usually the water discharged from household purposes such as
toilets, dishwashers, showers, sinks, washing machines etc. [8]. The
contamination due to organic pollutants is very dangerous due to
their various side effects and carcinogenic nature. Several literatures
reveal some methods for the removal of organic pollutants from
Copyright © All rights are reserved by Nwaiwu Uchechukwu.

water. The methods used in literature suggested that the methods
might depend on their physical, chemical, electrical, thermal and
biological properties [13-17].

While other researchers proposed that oxidation, reverse
osmosis, ion exchange, electro-dialysis, electrolysis, adsorption
as another method of wastewater removal etc. Of course, reverse
osmosis, ion exchange, electro-dialysis, electrolysis and adsorption
are excellent wastewater removal technologies. Several reviews
were made in the past in order to determine the best wastewater
removal technique. Others argued that before talking about
wastewater removal technique, that it is imperative to firstly
divide the wastewater treatment procedures into primary and
secondary treatment processes depending on either the removal of
solid particles physically by using screens or biological treatment
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where microorganisms consume organic matter and convert it into
inorganic compounds. [6-7] Nitrogen and phosphorus removal
are the major goals of wastewater treatment which can be carried
out biologically in an economically feasible and environmentally
friendly manner in recent years [19]. In case of phosphorus,
sometimes biological methods are not efficient because of lack of
carbon. Hence, to make up for the lack of carbon, some additional
organic matter is added to the biological reactors which increases
the cost of operation and results in generation of one more
pollutant. However, there is an alternative for this problem which
is the use of enhanced biological phosphorus removal which works
efficiently for domestic waters with Low C/N ratio [1]. Nowadays,
with the increment in number of wastewater treatment plants,
it has become challenging to manage the wastewater systems.
Therefore, to ensure proper discharge from the wastewater
treatment plants, new and stricter regulations for nutrient removal
have been incorporated. Several wastewater treatment measures
that have been adapted to date include bio filtration, ion exchange,
sedimentation, solvent extraction, chemical oxidation, membrane
processes, coagulation, oxidation, Fenton process, and electro
coagulation [1,2].
Adsorption is today regarded as the best water treatment
procedure because of its universal nature, ease of operation and
inexpensiveness.it has a removal capacity rate of 99.9% .The
adsorption has some limits which made its removal rates not
to perfect [9-20]. To comply with these limits, there is a need for
modeling and operation control of wastewater treatment plants.
However, the modeling of wastewater treatment systems tends to
become intricate due to certain characteristics such as unusually
long residence times, plenty of tunable kinetic parameters and large
variations in influent component flow rates. Nevertheless, with the
advancements in technology, activated sludge modeling, flow sheet
simulators and computational fluid dynamics have emerged as
some significant tools for modeling Wastewater treatment plants.
Over the years, dynamic modeling has come across as a remarkable
approach for developing operational models in process design and
management. Moreover, these Models help in establishing operating
policies and control strategies for the wastewater treatment plants
which in turn maximizes the plant performance and comply with the
required permit limits. The mathematical modeling of wastewater,
the performance of the pH, dissolved oxygen demands, and other
wastewater analytical parameters were not captured in literature

Mathematical Formulation:

The mathematical formulation can be carried out by
considering the following assumptions
1.

2.
3.

The evolution of the biological oxygen demand and the
dissolved oxygen for freshwater treatment are governed by
partial differential equations
The outfalls are located at points
The convex functions are known
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4.
5.
6.
7.
8.
9.

The fluid medium is continuous.
The soil matrix is continuous.
The fluid is in mot ion.

The soil medium undergoes consolidation.

The fluid is incompressible.

The air phase is continuous and is at atmospheric pressure.

10. Flow is laminar and Darcy’s law is valid.

The biological oxygen demand and dissolved oxygen
concentrations in a point u and a time t be denoted by ρ1(u,t) and
ρ2(u,t) respectively .The boundary equations can be obtained by

Considering the following boundary value problems
∂p1 
1
N
+ X ∇p1 − β1∆p1 =
− k1 p1 + ∑ − Εj =1 m j ∂ ( x − p j )
∂t
h
∂p1
=0
∂n

(2)

p1 ( x, 0 ) = 0
∂p2 
1
+ Χ∇p2 − β 2 ∆p2 = −k1 p1 k2 ( d 2 − p2 )
h
∂t

∂p2
=0
∂n

(1)

(3)

(4)

(5)

p2 ( x, 0 ) = p20 ( x )

(6)

Let h(u,t) and x ⃗(u,t) be the height and the mean horizontal
velocity of the fluid layer obtained as a solution of saint venant
equation. ∂(x-p_J) is the dirac measure for point p_i and the
parameters β1> 0, β2 >0 represents the horizontal viscosity
coefficients involving the dispersion and turbulence effects.
Parameters k1> 0, k2 >0 represents the kinetic coefficients related
to temperature and transference of oxygen through the surface
and ds is the oxygen saturation density which can be drawn from
experimental measurements.

Let the existence inside the domain Q of Nz protected
zones Ai be

Ρ1Αi Χ ( 0, Τ ) ≤ σ=
1.......Ν z
i,i

Ρ 2 Αi Χ ( 0, f ∈=
≥, i 1.......Ν z

(7)

(8)

The global cost of the depuration time is given by
j ( m ) = ∑ j =Εi ∫ f j ( m j ( t ) ) dt
Ν

Τ

0

(9)

There is need to ascertain the optimal management of the
depuration system by taking into cognizance the values of the
biological oxygen demand m_j(t) >0, j=1…., NE throughout the time
interval. Numerical approximation of the state system. Unwinding
the convective term with a method of characteristics and by
discretizing in time the partial differentiation would give rise to a

Citation: Nwaiwu Uchechukwu*, Nwasuka Cyprian Nnamdi, Nwogu Chukwunonso Nweze, Nwadinobi Chibundo Princewill, Nnamani
Afamefuna Pascal. Development of Novel Composite Biomaterials for Use as Biodegradable Adsorbents and or Bio-Carriers During
Wastewater Treatments Using Galerkin’s Finite Element Analysis. Adv in Rob & Mech Engin 3(2)- 2021. ARME.MS.ID.000156.
DOI: 10.32474/ARME.2021.03.000156.

256

Adv in Rob & Mech Engin

Copyrights @ Nwaiwu Uchechukwu, et al.

Volume 3 - Issue 2

numerical resolution of optimal control problem. The variational
formulation of semi discretized problem will be approximated by
means of a space discretization of lagrange-Galerkin finite elements.
There is need to consider the following parameters when solving
discretized problems. The parameters include: The approximated
height h, horizontal mean velocity x ⃗ for each discretized time,
discontinuous piecewise-constant (p_Θ) functions and piecewiselinear(p_1)

Polynomials the method of characteristics stems from
the following inequality

dv
dv
=
( u, t )
( u, t ) + Χ∇y
dt
dt

Where is the total derivative of v with respect to time t and
(11)

The characteristic line is a unique solution to the
following differential equation

dv
( u, t;τ ) = Χ (U ( u, t;τ )τ )
dt

U ( u, t; t ) = Χ

(13)

(12)

For time interval [0, T], the total derivative of v at any
instant t_(n+1) can be approximated as
U
du
(U , tn+1 ) =
dτ

n +1

(u ) − u n (u n (u ))
k

(14)

This equation leads to the following semi discretized
models for each n=1,…N, there is need to ascertain
functions ρ1n, ρ2n satisfying
P1n +1 − P1n ox n
NE
1
− β1∆P1n +1 =
−k1 P1n +1 +
∑ M j ( tn+1 ) ∂ ( x − p j )
k
h (.....tn +1 ) j =1
∂P1n +1
 =0
∂n

(16)

(15)

P2n +1 − P2n ox n
1
− β 2 ∆P2n +1 =
− k1 P1n +1 + k2
∂ ( ds − P1n +1 ) (17)
k
h (.....tn +1 )
∂P2n +1
 =0
∂n

Galerkin Formulation

The Galerkin finite element formulation begins with defining
the governing differential equation as

DF ( f ) = 0

(10)

dv
dv
=
( u, t ) =
( u ( u , t ;τ ) , τ ) τ 1
dt
dt

geometric forms and (3) Approximation of the unknown field
variable. In this investigation, the weak Galerkin weighted residual
method is used to construct the finite element integral equations.
Iso-parametric quadratic triangular and quadrilateral finite
elements are used to represent the flow domain and the field
variable variation.

(18)

The exact solution of the quasi-linear partial differential
equations [Eqs 17 and 18] subject to the initial [Eq. 16] and
boundary [Eqs. 17and 18] conditions is generally not possible.
Consequently, recourse to approximate solution techniques is
required.

Finite Element Formulation

The first step in the numerical approximation of the quasi-linear
partial differential equations is to choose the discretization strategy.
This investigation is based on using a finite element discretization.
Finite elements were chosen due to its ability to model irregular
boundaries, mesh refinement/expansion capabilities and the
ease in modelling complicated boundary conditions. The finite
element discretization/formulation involves three basic steps,
i.e., (1) Development of an integral relationship corresponding to
the governing differential equation, (2) Definition of the element

(19)

Where f signifies the pressure head h for Eq. [19] and the
moisture content 9 for Eq. [20]. The next step in the Galerkin
formulation is to approximate the field variable behavior, i.e.,

f= f=

∑N

f=

i i

[ N ][ F ]

(20)

Where [N] is a row vector of shape and [f] is the column vector
containing the nodal values of the appropriate field variables.
Substituting f from Eq. [20] into the differential operator of Eq. [21]
Gives:

DF ( f =
) R≠0

(21)

where R is the residual. If the exact solution f and the approximate
solution f ⃗ are the same, then the residual of Eq. [21] would be zero.
However, the approximate solution does not generally equal the
exact solution resulting in the nonzero residual indicated in Eq. [23]
Since the governing differential equation cannot be satisfied point
wise throughout the domain ll, its satisfaction is sought in the sense
of a weighted average over the domain
i.e.,

∫φ WDf ( F )dQ = 0
1

(22)

where W is the weighting function. In the finite element
Galerkin formulation, the weighted integral of Eq. [24] is summed
over all the· element subdomains Qe and the element level shape
functions are utilized as the weight functions, i.e.,
1
=
∫ WDf ( F )dQ

φ

For j=1,2…., ne

∑=
∫φ N Df ( F ) dQ
NE

e =1

1

e

e
j

0

(24)

Where N^e is the number of elements used to discretize the
domain Q, N_j^e is the Jith is the shape function for element e, n_e is
the number of element shape functions. The Galerkin formulation
of Eq, III,5 possesses the disadvantages of requiring cl interelement continuity (i.e., first derivative continuity between the
elements), exact satisfaction of all boundary conditions and leads
to a non-symmetric system of equations. These disadvantages
can be relaxed or eliminated by generating a ‘weak’ Galerkin
formulation of Eq,[25]. The weak Galerkin formulation is obtained
by integrating Eq,[26] by parts once using the divergence theorem
to symbolically give:
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( )

( )

( )

 e
 e
 e
NE 1
NE 1
NE 1
e
=
AN ej c f dQZ + ∑ e 1 ∫ N ej B f dr
∑e 1=
∫ N j Df f dQ ∑ e 1 ∫=
φe

φe

re

For j=1,2…., ne

The result of Eq,[26] for the pressure analysis [27] is

(25)
(26)


 ∂(N) 
 ∂[N ] 

1
1
1 

∂[N ]
∂[N ]  ∂[N ] 
∂[N ]
∂[N ] 
∂[N ]
∂[N ]
0
∑ e=1 ∫φe [ N ]  N ( F ( H ) ) [ N ] dQ [ h] + ∫φe [ N ] k r ( h )  ∂u  Kuus ∂u + Kuvs ∂v  + ∂v  Kvus ∂u + Kvvs ∂v   dQ + ∫φe [ N ] k r ( h )  ∂u  Kuvs ∂u + Kuvs ∂vv Kvvs  dQ − ∫r2e N qdr  =









NE

( )

1

(

NE

1

e

(

)

and for the moisture content analysis [27] it is


 ∂(N) 
∑ ∫φ [ N ] (  N  dQ [θ ] +  ∂u −  k

e =1

)



s
uu

∂[N ]
∂u

s
+ kuv

( )

(27)

 r

1
1
1 
 ∂ ( N ) s ∂[N ]

∂[N ]  ∂[N ]  s ∂[N ]
∂[N ] 
r
s ∂[N ]
+ kvvs
+ kuv
kuv
kvvs  dQ − ∫ e N q dr ] =
0
+
 kvu
  dQ + ∫φ e ([ N ]  k (θ ) + ∫Qe N k (θ )  
r2
∂v 
∂v 
∂u
∂v  
∂v
∂v
 ∂u


( )

( )

Where the superposed dot signifies time differentiation
and ([N) ⃗] is the vector of element shape functions evaluated
along the flux loaded element boundaryΓ_2^e. The nonlinear
material coefficients F(h), k^Γ(h),Dr(θ) and k^Γ(θ) were spacially
approximated using interpolation functions.

Scrutinizing Eqs. [26] and [27] reveals the modifications of
the weak Galerkin versus Galerkin formulations. First, the shape
functions need only be c0 inter-element continuous, i.e, function
continuity between the elements. Second, the vector products which
multiply the pressure and moisture content vectors are symmetric
which results in a symmetric system of equations. Lastly, only the
boundary conditions given by Eqs[28] and [29] must be exactly
satisfied since the flux or flow boundary conditions of Eqs. [28] and
Eqs[29] are included in the discretized approximation. Where Eqs.
[28] And [29] can be written in matrix form

{Q ( h )}
 S ( h )  {h} +  K ( h )  {h} =

(28)

[ S ]{θ } +  D (θ ) {θ } =
{Q {θ )}
Where,
 S e ( h )  =

 S ( h )  = ∑ e =1  S e ( h ) 
NE



(29)

(30)

∫ ( N )  N ) ( F ( H ) ) [ N ] dQ - element storage matrx

 K e (=
h ) 


 ∂(N) 
∫φ ([ N ]  K ( h ) + ∫ ( N )K (θ ) )  ∂u  K
1

e

r

1

Qe

r



element conductivity matrix

s
uu

∂[N ]
∂u

+ K uvs

∂[N ]  ∂[N ]  s ∂[N ]
∂[N ] 
+ K vvs
  K vu
+
 dQ
∂v 
∂v  
∂u
∂v 

(31)–

The quadratic triangular and quadrilateral elements of were
selected. The shape functions for the six node triangle element are
expressed in terms of non-dimensional coordinates known as area
coordinates. The area (local) coordinate shape functions are:

N1 = L1 ( 2 L1 − 1) , N 4 = 4 L1 L2

N 2 = L2 ( 2 L2 − 1) , N 5 = 4 L2 L3

N 3 = L3 ( 2 L3 − 1) , N 6 = 4 L3 L1

(32)

(33)

(34)

N1 = (1 − ζ )(1 − η ) {−ζ − η − 1) 4

(35)

N 2 = (1 + ζ )(1 − η ) {ζ − η − 1) 4

(36)

N 3 = (1 + ζ )(1 + η ) {ζ + η − 1) 4

(37)

N 4 = (1 − ζ )(1 + η ) {−ζ + η − 1) 4

(37)

N5 =
(1 − ζ 2 ) (1 −η ) 2

(38)

N 6 =+
(1 ζ ) (1 − η 2 ) 2

(39)

N7 =
(1 − ζ 2 )(1 + η 2 ) 2

(40)

N 7 =−
(1 ζ ) (1 − η 2 ) 2

(41)

The material parameter interpolation functions, {N}, were
assumed to be linear. Thus, for the triangular element

N 2 = L1

N 2 = L2
N 3 = L − L1 − L2

(42)

(43)

and for the quadrilateral element:

N1 =−
(1 ζ )(1 − η ) 4

N 3 =+
(1 ζ )(1 + η ) 4

e
-pressure dependent conductivity flow matrix.
 K ( h )  = ∑ e =1  K ( h ) 
NE

L3=L-L1-L2 into Eq. [34]. The eight-node element are:

N 2 =+
(1 ζ )(1 − η ) 4

(31)

Qe
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Where the element nodes and area coordinates (O ≤ L1, L2, L3
≤1). The three area coordinates are not independent. Thus, in order
to utilize an iso-parametric formulation of these shape functions,
the coordinate dependence must be removed. The coordinate
dependence is easily eliminated by substituting

(44)
(45)

(46)

N 4 =−
(1 ζ )(1 + η ) 4
Results and Discussion

(47)

(48)

The pH values for samples A, B, C, D and E for both influent
and effluent were varied with different parameters affecting
wastewater treatment. The mean average pH values for wastewater
according to the Table 1 were found to lie between 5.94 and 6.71
at distances 5m and 10m away from point of discharge. From the
results obtained, industrial discharge and other pollution sources
increased the pH values of the water as seen in Figures 1a, 2a, 3a,
4a and 5a.The electrical conductivity were also varied between
571 and 961µS.m-1. The effluent discharge increased the electrical
conductivity of wastewater as seen in Figures 1a,2a,3a,4a and 5a,
therefore indicating the impact on receiving water. TDS and DO
were also varied in order to deduce their influent concentrations.
From Figures 1b, 2b, 3b, 4b and 5b. TDS lied in-between 280 and
460mg.L-1 and DO vary at 2.3 mg.L-1 respectively. For instance,
obtained mean concentration values for BOD, 194 and 152.7 mg.LG1
at influent and effluent respectively indicates 53% purification
level in respect of BOD. Even with this level of performance, BOD
concentrations are still extremely high in effluent, varying between
115 and 182 mg.lG1. The removal efficiencies for the following
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measured parameters during the dry season stand at 44% for TDS,
44% for BOD, 29% for COD and 32% for N. The removal efficiencies
during different seasons for TDS, BOD, COD and N stand at 16, 63,

55.8 and 72% respectively. From the results of pollution assessment
of wastewater, it is revealed that the receiving river body has been
impacted negatively [22,23].

Table 1: Physio-chemical characteristics of influent and effluent during wet seasons for sample A, B, C D and E [22].
Sample

Distance (m)

pH

Conductivity
( : S.m G1)

TDS (mg.LG1)

DO (m g.LG1)

BO D ( mg .LG1)

CO D( mg .lG1)

Total N (mg.lG1)

A

Influent

6.5

741

430

1.7

780

1140

25

6.1

820

460

2.2

544

975

15

5.8
7.7
6.5
6.2

B

Effluent discharge
point

6.5
6.1
6.1
6.2
8

6.8
6.5
C

5

6.8

675
574
675
590
749
732
276
492
420
492
790

6.3
6.7
7.9

1370
440
405
440
450
750

6.3

1130

8.2

455

6.3
15

390

5.3

8.1

E

961

1110

5.9

6.6
10

410

5.8

6.3

D

741

7.2
6.3

400
400
365
740

6.3

1260

7.9

735

6.2
6.3
6.1

1110
510
251

1.9
2

540

1.9

340

2

280

2.4

270

2.4

335

2.5

352
290
240
197

1.6
1.9
1.5
2

240

1.5

640

1.8

220

1.8

590
290
200
220
230
355
530
223
220
244
220
328
549
515
400
300
116

2

2.1
2.1

680

995

600

1075

330

750

8.5

1130

15

612

1130

612

1110

670

985

770
534

965

430

5.35

235

5.2

602

1100

160

300

200
100
154
38

310
98

240

4.1

100

220

10

100
110
60

6.8
6.5

225

5.8

225

5.8

140

230

3.3

130

250

3.2

35

100

3.3

3.87

90

3.7

6.85

180

1.6

80

15

1.24

110
10

9

15

18

3.2

1.6

5
4.5

120

3.5

5

740

1.5

3.2

25

320

1120

310

3.2

25

1065

602

154

1.4

19

590

1.8
3.2

15

18

202
218
65
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Figure 1(a & b): Graph of Physio-chemical characteristics of influent and effluent during wet seasons for sample A for COD
and BOD.

Figure 2(a & b): Graph of Physio-chemical characteristics of influent and effluent during wet seasons for sample B for COD
and BOD.

Figure 3(a & b): Graph of Physio-chemical characteristics of influent and effluent during wet seasons for sample C for COD
and BOD.
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Figure 4(a & b): Graph of Physio-chemical characteristics of influent and effluent during wet seasons for sample D for COD
and BOD.

Figure 5(a & b): Graph of Physio-chemical characteristics of influent and effluent during wet seasons for sample D for COD
and BOD.

Conclusion
In the study, the increment in number of wastewater treatment
plants, has made it difficult to manage the wastewater systems.
Therefore, to ensure proper discharge from the wastewater
treatment plants, new and stricter regulations for nutrient
removal have to be incorporated. Several wastewater treatment
measures that have been adapted to date includes bio filtration, ion
exchange, sedimentation, solvent extraction, chemical oxidation,
membrane processes, coagulation, oxidation, Fenton process,
and electro coagulation. Adsorption is today regarded as the best
water treatment procedure because of its universal nature, ease
of operation and inexpensiveness.it has a removal capacity rate
of 99.9%. The adsorption has some limits which made its removal
rates not to perfect. To comply with these limits, there is a need
for modeling and operation control of wastewater treatment plants.
However, the modeling of wastewater treatment systems tends to
become intricate due to certain characteristics such as unusually

long residence times, plenty of tunable kinetic parameters and
large variations in influent component flow rates. The removal
efficiencies during the wet season for TDS, BOD, COD and N stand
at 16, 63, 55.8 and 72% respectively. From the results of pollution
assessment of wastewater, it is revealed that the receiving river
body has been impacted negatively.
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