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Introduction 
Physics was built through the development of theories, that 

is, by solving direct problems where one goes from a model to the 
corresponding measurable data. The passage of the data to the 
parameters of the model - the resolution of a so-called “inverse” 
problem - is an inverse process as opposed to the natural approach 
of physics. The term “inverse problem” appeared in the 1960s, 
notably to designate in geophysics the determination, through 
input-output or cause-effect experiments, of unknowns in the 
physics equations. In France, the 1980s witnessed A. Tarantola, one 
of the precursors of inverse problem theory. He resolved inverse 
problems concerning the processing of geophysical data principally 
by means of probabilistic models, i.e the Bayesian approach.  
Tarantula is the author of several books [1,2] and of numerous 
articles[3] on the subject.

The goal of this work is to present the tools necessary for 
modal identification and damage detection from measurements 
of structural response. Wavelet transform is adopted to estimate 
the modal parameters of the structural system and detect damage. 
It is shown that the application of wavelet transform methods is 
challenging, especially in the case of transient, nonstationary, 
loading that does not constantly excite the primary modes of the 
system.

Inverse Problems
There are two kinds of inverse problems. Inverse problems 

either designate the best possible reconstruction of missing 
information to estimate the loads (source or cause reconstruction 
problem), or they are used to determine the values of structural 
parameters (parameter identification problem) [4]. The paper will 
focus on the latter point, where the inverse problem arises from 
the confrontation of experimental data with results from numerical 
simulations. Despite its great practical importance, the theory of 
inverse problems remains poorly understood. One characteristic 
of inverse problems is being ill-posed, or incorrectly posed, in the 
sense of Hadamard [5]: “the total measured data does not allow the 
existence of a solution to the problem, the solution is not unique, 
or, even further, due to disturbance in the data the solution is not 
stable”. Furthermore, since for an underdetermined problem 
there are often several possible solutions, it is necessary to specify 
the confidence level that one can give to each solution. For these 
problems, the data can also be affected by a likelihood coefficient, 
or they can be probabilistically weighted. A Bayesian approach is 
often preferred in the latter case. Finally, another definition for an 
inverse problem could be: “an ill-posed problem that has for its 
objective the inversion of a physical model by means of a partial 
image of that model’s effects”.
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The data from measurements can, in theory, create a space 
of either finite or infinite dimensions, while in practice they are 
always finite and discrete. When the number of parameters in a 
model is smaller than the number of measurement data points, 
then the problem is called overdetermined. In this case, it may be 
possible to add a criterion that reduces or eliminates the effects 
of aberrant data. On the other hand, if the problem consists in 
determining continuous parameters that are thus sampled from a 
very large number of values, and if the number of results from the 
experiments is insufficient, the problem is called underdetermined. 
It is then necessary to use a priori information to achieve a reduced 
number of possible solutions, or, in the best case, only one.

The range of inverse problems is broad, involving diverse 
issues, a host of applications, and obviously a wide variety of 
methods. In 2008, a collective publication [6] aimed to create an 
inventory of the various inverse techniques in Mechanical and Civil 
Engineering, developed in the Ministry of the Environment, Energy, 
Sustainable Development and Territorial Planning of France. Many 
different inverse problems were considered: identification of 
mechanical parameters for a compressor, of modal parameters or 
of a discrete hysteretic system, identification of causes, detection 
and recognition of images, optimization of noise barrier walls, 
characterization of heterogeneities as well as various tomographic 
problems applied to geophysics and the close examination of art 
works. The numerical resolution methods proposed here range 
from, the now classic, optimization methods in regular or convex 
cases to metaheuristic methods of global optimization, for which a 
CD with a toolbox in Scilab was included.

Regularization Of Ill-Posed Problems
The solution obtained by regularized inversion will depend 

upon the data in a continuous manner, and will approach the exact 
solution, supposing that it exists. The regularization of an inverse 
problem consists of rewriting the problem and is based on two 
guiding principles:

a) Define a framework for considering a priori supplementary in-
formation “exterior to mathematics.”

b) Assure that the new solution is stable and will consider 
additional information from measurement errors

c) Several methods exist to regularize an inverse problem. These 
methods can be used alone, or they can be combined. Some 
examples are

d) Tikhonov’s regularization (the most well-known method, 
cf. [7,8], which works by adding a non-negative stabilizing 
functional into the functional to be minimized. The stabilizing 
functional can take the smallest possible positive values and to 
consider the available prior information

e) Reduction of the number of parameters, to diminish the 
sensitivity of the criteria to data fluctuations

f) Introduction of constraints (equalities or inequalities 

confirmed by the unknowns) into the functional to be 
minimized, to obtain physically acceptable values

g) Filtering of measurements data through techniques of signal 
processing (frequency filters, modified Fourier transforms, 
time frequency transforms, etc. [9]). Time frequency 
transforms, such as wavelet analysis (cf. [10, 11, 12, 13]), can 
be particularly suited to analyze data that change over time

h) The method of quasireversibility, initially proposed by R. 
Lattès and J.L. Lions [14]. This method is well-suited for Cauchy 
problems, such as in elliptic partial differential equations [15]. 
It consists of modifying the differential or partial differential 
operator, generally by changing the order of the derivatives 
that it operates on. This is performed in such a way as to obtain 
a new problem that is well posed for the initial data, or for the 
known boundaries.

Optimisation Problems
As above mentioned, an inverse problem most often boils down 

to a problem of minimizing the difference between calculation and 
experimental results, or to a problem of maximizing likelihood. The 
inverse problem thus leads to an optimization problem, which is 
often a large problem in and of itself.

The numerical techniques used to solve an optimization 
problem are as varied as the domains to which inverse problems 
themselves can be applied. Some notable examples are: linear 
or non-linear least squares, maximum likelihood, Monte-Carlo 
method, linear programming, simulated annealing, genetic or 
evolutionary algorithms, optimal control methods, etc. Since a 
detailed list of optimization methods is beyond the scope of this 
work, the reader can consult the vast literature on this subject, 
from which we mention the books of Fletcher [16] and that of 
Trélat [17] on control theory, the objective of which is either to 
stabilize the system to make it insensitive to certain disturbances 
(stabilization), or to determine optimal solutions for a certain 
optimization criterion (optimal control). The work of Culioli [18] 
is simple and presents the most common numerical methods, that 
of [19] concerns both optimization and control, while the work 
of Groetsch [5] is more oriented towards inverse problems. For 
deterministic methods and convex problems, one might consult 
[20], and for non-deterministic methods and discrete optimization, 
reference [21] is a very useful work.

Modal Analysis - Modal Identification
Modal identification is an important part of structural health 

monitoring and damage detection. It can also be qualified as “inverse 
vibrations”, following the words of H.D. Bui [22]: “How, from a 
vibrations test on the studied structure, to know the characteristics 
of the model of its mechanical behavior?”. The aim is to use only 
the output signals to estimate structural properties such as natural 
frequencies, mode shapes, energy dissipation characteristics, and 
strength or stiffness deterioration, mainly in the low frequency 
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range. These structural parameter estimations can be found via 
the system dynamic responses in the low-frequency range [23]. 
Modal identification essentially requires an inverse problem to be 
solved from recorded measurements. It can be performed either 
in the time, the frequency, or more recently, in the time-frequency 
domain. Several approaches to perform time-domain system 
identification have been developed, such as state estimation using 
Kalman filter, stochastic analysis and modeling, recursive modeling, 
and least squares method. System identification and fault detection 
techniques have also been proposed. Modal identification methods 
based on the use of both input (excitation) and output (response) 
measurements to estimate the modal parameters are called input-
output dynamic identification techniques. They belong to the field 
of traditional Experimental Modal Analysis (EMA) [24, 25, 26]. 
Methods in the time and frequency domain can be further divided 
into indirect methods (modal methods) and direct methods. The 
term “indirect” means that the identification is based on the modal 
model, i.e., on the modal parameters (natural frequencies, modal 

damping ratios, modal shapes amplitude and their phase). The 
direct method refers to the identification procedure related to the 
spatial model, i.e., the equilibrium matrix equation from which all 
the methods are deduced.

An overview of the modal input-output identification methods 
is presented in Figure 1. The classification follows the work of Maia 
et al. [24], while a new column has been added to include the time-
frequency domain and the associated techniques using wavelet 
analysis on measured response signals of linear mechanical systems 
under vibration. These techniques appeared from the 1990s and 
were first applied to transient responses of structures to identify 
their modal characteristics [10]. Since the 1960s, EMA has obtained 
substantial progress and numerous modal identification algorithms 
have been developed, from single-input/single-output techniques 
to single-input/multi-output and MIMO techniques, either in the 
time domain (TD), or in the frequency domain (FD). The goal of 
these identification methods is to extract from measurements of 
structural excitation as much modal information as possible.

Figure 1: Classification of Modal Identification methods (Maia et al [24]). 1IN: 1 input, 1Out: one output, MIN: multiple input, 
1MOut: multiple output.

To predict the dynamic properties of a mechanical system, it 
is necessary to formulate a mathematical model, as accurately as 
possible, in terms of structural parameters such as the mass, the 
stiffness, and the damping matrices. However, since most mechanical 
systems are complicated, it is difficult to accurately estimate these 
system parameters. As a result, many studies use theoretical and 
experimental methods to identify the structural parameters. It 
must be mentioned that the type of mathematical model, e.g., based 
on beam elements, 2D FEM, ect should be compatible, to the extent 
possible, with the quantities that will be measured.

For large-scale structures, the controlled input force generation 
is often difficult to achieve. Thus, a set of new modal identification 

methods which do not require controlled input, known as “output-
only modal identification techniques” has significantly developed 
in recent years. These methods work satisfactorily if some, general, 
conditions are met. These conditions are not overly restrictive 
and concern the stochasticity of the input. Every year, hundreds 
of papers that cover a wide range of applications related to the 
extraction of modal properties from measurement data appear in 
more than two dozen mechanical, aerospace, and civil engineering 
journals.

For example, the method of measured frequency response 
functions (FRFs) can be directly used to identify the modal 
parameters. However, the noise effect and the matrix inverse 
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operations create ill-posed problems since a small noise level may 
contaminate the identification process, as, for example, in the case 
of structures with bolted joints [27].

Conventional modal analysis techniques have been proven to be 
efficient for extracting accurate modal parameters. However, when 
two modes of interest are moderately close, conventional modal 
analysis becomes inapplicable. When damping is light and the 
different modal frequencies are well-separated, which is often the 
case in many practical situations, the assumption of “proportional 
damping” in which the normal modes are real and the modal 
damping matrix is diagonal is justified, since the influence of the 
off-diagonal terms is negligible. In the case of non-proportional 
viscous damping, a time-frequency identification technique based 
on wavelet transform was formulated by Erlicher and Argoul [12] 
and was applied to free-decay responses of linear systems. The 
Cauchy mother wavelet is used, while frequencies, modal damping 
ratios and complex mode shapes were identified from output-only 
free vibration signals. This identification technique has also shown 
to be effective when the (non-proportional) damping is significant.

Wavelet Transforms
Since its first definition in the beginning of the 1980s by French 

researchers, especially Grossmann and Morlet [28], the growth 
of wavelet research in mathematics has been first explosive with 
significant contributions from numerous authors. Its successful 
application in signal and image processing rapidly increased soon 
after the appearance of the method. Although wavelet analysis 
is becoming more and more frequently used in engineering 
applications, it is still far from being systematically used in civil 
engineering, certainly due to the insufficient knowledge of the 
properties of the wavelet transform. Continuous wavelets transform 
(CWT) is a powerful tool for identification of modal properties, but 
it is difficult to obtain an accurate estimation of the time instants 
that the structural properties are modified. The basic idea of the 
CWT is to use a function ψ(t) called the “mother wavelet”, which can 
generate a basis ψa,b(t) = (1/a)ψ[(t-b)/a] for the time-frequency 
domain of a function x(t). Using a mother wavelet, CWT can be used 
to decompose a function x(t) into the frequency-time domain as 
follows:
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where ψ* is the conjugate of ψ. The factor 1/guarantees that 
the wavelet maintains constant energy. The L2 norm of Wa,b(t) 
is appropriate when the modulus-squared wavelet transform is 
desired to reflect the energy of the analyzed signal. However, it is 
generally more useful to describe time-localized signals by their 
amplitude, and for this the 1/a normalization (L1 norm) is more 
appropriate.

For the successful CWT decomposition, it is essential to control 
the time-frequency resolution of the wavelet transform of the signal. 

This is necessary to correctly interpret its CWT plot and to consider 
edge effects [10]. Referring to the conventional frequency analysis 
of constant-Q filters, Le and Argoul [10] introduced a parameter 
Qm called “quality factor” for the time-frequency resolution of the 
CWT. This Qm factor is defined as the ratio of the mean value f* (For 
L2 norm) over to two times its standard deviation Δf, i.e., it can be 
calculated with the aid of the expression:

                              
* / 2mQ f f= ∆              (2)

Another important aspect is the extraction of ridges. The 
possibility of the extraction of ridges for two close eigen angular 
frequencies ωi and ωj, is guaranteed if the following condition is 
satisfied:
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where cf is a constant given in reference [9], λi is the modal 
damping ratio of the ith mode and i and j are indexes of two 
neighboring modes. If the condition above is not met, the extraction 
of accurate ridges is not guaranteed since there are modes that are 
too close, and they cannot be separated if they are damped too 
much. If this condition is met, it does guarantee the extraction of 
accurate ridges, this is guaranteed by the quality factor Qm [10].

When the ridges are known, the modal shapes can be estimated 
through the wavelet transform of output response at point k and 
a reference point, e.g., the top of a building. The i-th mode, φi, is 
calculated as:

                    ( , ), ( , ),/k k k
i a b i a b iW Wϕ =

                  
(4)

Examples
The first example focuses on vibration data that were acquired 

during an experimental campaign carried out on masonry wall 
specimens. These data were used to apply the technique described 
in references [29, 30] for the dynamic identification through 
transient responses embedded into noise responses.

The experimental campaign was carried out on UnReinforced 
Masonry (URM) panels subjected to Shear-Compression (SC) 
and ambient-vibrations tests through a system of accelerometers 
(Figure 2). Observing the acquired data, some of them were unusual 
signals as an outcome of ambient vibration excitation. In fact, they 
contain some discontinuities in the waveform that can be assumed 
as transient responses, i.e., change in the steady state of the system. 
These responses are probably due to the testing environment 
triggered by other testing machines. The implementation of CWT 
analysis applied to selected transient signals allows to detect 
spurious modes created by noise or redundant degrees of freedom 
of the model and to identify the presence of close modes and the 
related modal parameters.
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Figure 2: Masonry wall test. Location of the nine accelerometric sensors.

Carpine et al. [30] presented an adapted modal identification 
method based on wavelet analysis that has been proven to 
be promising for the processing of free responses of non-
proportionally damped systems, integrated in noise, to directly 
obtain complex modes. A procedure for choosing an appropriate 
quality factor for the time-frequency resolution, necessary to get 
correct identification results in the case of free responses combined 
with responses to ambient excitation and/or to additive noise, is 
detailed.

For response at each measurement point uk, a ridge ak can 
be extracted from the time-frequency plot, for all the modes 
excited by the shock [10]. A new procedure in [30] is proposed to 

extract a single ridge aΣ instead of several ridges ak (one for each 
measurement point), defined for N measurement points uk using 
the following formula:

       

( )
2

1
( ) max ,

n

a k
k

a t a g T u t aϕγ∑
=

  =   ∑
                  

 (5)

The effect of the quality factor is illustrated in Figure 3 where the 
absolute value of is plotted. The optimal choice of Q is discussed in 
reference [30] to facilitate the ridge extraction and better estimate 
the modal parameters. This is particularly important when two 
Eigen frequencies are close and difficult to separate.

Figure 3: Masonry wall testing. Effect of the quality factor: (a) Qm = 5, and (b) Qm =10.
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The second example is an eight-storey steel frame subjected to 
the El-Centro earthquake. Figure 4 shows the frame, the vertical 
loading according to the seismic load combination and the section 
properties. The seismic response assessment of such structures is 

discussed in detail in Fragiadakis et al. [32, 33]. The scalogram of 
the velocity of the top storey is shown in Figure 5a. It is shown that 
not all the modes of the structure are triggered during the seismic 
loading, while multiple modes are affected during the time history.

Figure 4: Eight-storey steel frame subjected to the El-Centro earthquake

Taking a section, parallel to the frequency axis at the time 
when the scalogram reaches its maximum value, reveals some 
of the Eigen frequencies of the response. Therefore, a section at 
t*=12sec, allows to identify the structural modes from the peaks 
or the ridges (Figure 5b). Peaks that are in neighboring frequencies 
practically will correspond to the same mode, although this is not 
the case here. The modal shapes obtained are shown in Figure 5c. 
The modes were obtained after repeating the wavelet transform 
on the response signal of each story and then applying Eq. 4. If a 
section, like that shown in Figure 5b is taken for every signal, the 

first three peaks of the signals correspond to the first three modes 
which have efficiently identified with the aid of CWT as shown 
in Figure 5c. Damage identification can be performed through 
identifying changes of the modal shapes during the seismic loading. 
For this purpose, more sections parallel to the frequency axis, e.g., 
Figure 5b, can be considered to identify the increase in the Eigen 
frequencies of the building due to large inelastic displacement and 
rotation demand. For regular buildings of small-to-medium height 
the increase will affect primarily the first mode, while the higher 
modes will, most probably, remain linear elastic [34].

Figure 5: Application of CWT on the eight-storey steel frame of Figure 4: (a) Scalogram, (b) section of the Scalogram at t=12sec, 
(c) First three modes identified.
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Conclusions
The paper discusses the use of wavelet transform methods 

for modal and damage identification of structures from their 
responses (transient or seismic). Two example applications have 
been presented: a masonry wall subjected to shocks embedded 
into noise excitations during shear compression tests and an eight-
storey steel frame subjected to seismic loading. The two examples 
show the capacity of wavelet transform methods that can be 
used to efficiently handle inverse problems and can give valuable 
information for structural damage assessment.
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