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Abstract

Py % ﬁn) for some values of m and arbitrary n.

Introduction

All graphs and digraphs are assumed to be loop less and without
duplicateedgesorarcs.AmixedgraphGM (V,E,A)isagraphcontaining
unoriented edges (set E) as well as oriented edges (set A), referred
to as arcs. This notion was first introduced in [1]. Let G= (VLE) be
a graph and D=(V, A) be a digraph. The Cartesian product Gx D
is the mixed-graph with vertex set y(Gx D) =¥,(G)x¥, (D) and edge
(arc) set is (#):v)).(uy v5) € E(GXD) if and only if either V| =V,
and (“1,”2) € E(G) or Uy =, and VLV2) € A(D. A subset S of
the vertex set V(G x D) is a dominating set of (G x D) if for each
vertex V' e GxD there exists a vertex # €5 such that (u, v) is an
edge (arc) of GxD . The domination number of GxD, yGxD
, is the cardinality of the smallest dominating set of GxD

. Let Pm be a path with vertex set V(F,) = {1,2,...,n}, and edge set
E(By) = {(i, i+1):1<i<n-— 1} andlet }3” beadirected pathwithvertex
set V(ﬁn) ={1.2,..1}, and arc set A(Pn) = {(i,i + 1) 1<i<n-— 1} .
Then for Cartesian product Pm and ﬁn is mixed-grid graph Py, x 13,,
with V(Pm ><lf’n) = {(i,j) <i<m1<j< ”}, such that there is an
arc from (i,j) to (p,q)if and only fi = pand ¢—j=land is an
edge from (i,j) to (p,q)ifand onlyif j = qand p—i=1.Thei'th
row of V(Pm ><13n) is R; = {is a directed pathﬁn(i,j):j:I,Z,...,n} The j"
column Kj = {(i,j):is apathPm(i,j):i:1,2,...,m}_ If S is a dominating

set for Py, X B, then we denote 7 =S K,

A mixed graph GM (V, E, A) is a graph containing unoriented edges (set E) as well as oriented edges (set A), referred to as arcs.
In this paper we calculate the domination number of the Cartesian product of a path Pm with directed path Pn (mixed-grid graph
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dominating sequence corresponding to S. For 1<i<n, the
vertices of j-column are dominated by vertices of j-column or (j-1)
column. The vertices of the first column are dominated only by [2]
vertices of K1. Also, for 1 <i<m, the vertices of i-row are dominated
by vertices of i-row or (i —1) — row. The vertices of the first row
are dominated only by vertices of R1 or R2. Thus, the following

is true y(mePn) < 7(Pm>< Pn ) < ;/(Pn x Pn )-For finding
domination number of grid graphs P, x I3n, Jacobson and Kinch in
[2], were calculated the domination number of cartesian product of
undirected paths Py and Pn for m=1,2,3,4. The cases m =5,6 were
calculated by Chang and Clark [3]. Also, Chang et al. [4], established
the upper bounds of cartesian product of undirected paths Pm and
Pn for 5<m <10 and arbitrary n. In [5], Gravier and Mollard given
un upper and lower bounds of general cartesian product of two
undirected paths. Goncalves et al. [6] proved Chang’s conjecture
saying that for every 16<n< m,;/(Pm xﬁn) =[(n+1)(m+2)/5]-4. For
domination number of directed grid graphs, Liu et al. [7], they

studied the domination number of f’m ><13n form=2,3,4,5 6and

arbitrary n. Also, in [8] the author studied the domination number

of Py, x B, for arbitraries m and n.
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Main results

In this section we calculate the domination number of the
Cartesian product of a path Pm and a directed path Pn for some
values of m and arbitrary n.
Observation

Since for each vertex (i,j) € V(Pm X ﬁn) has two undirected
degrees in V(Kj) one outdegree in V(Kj+1) and one indegree from
V(Kj_l), then can it dominates at must four vertices of Py, X P,
with itself. Thus, implies that V(Pm x 13;1) zmnl4,

Observation

Let Sbe a dominating set of Py, X F};. Since the vertices of the first

column are dominated only by vertices of Kl- Also, for 1<i< n,

the vertices of j-column are dominated by vertices of j-column

or (j-1)-column. Then the following are holds:
L2 [m/3].
> mfor allj=1,....,n

3 Sj—l +45 . +5 > 2mforall j=2,....n

J g+l
Lemma

There is a minimum dominating set S for meﬁnwith

dominating sequence (s, ,,.,....,s, ) such that, forall j=1,2,...,n,
,is [(m+2)/4]£sj <[m/2]

Proof: Let S be a minimum dominating set for P, ><}3n with
dominating sequence (SI,SZ,....,S,,). Assume that for some j, S;
is large. Then we modify S by moving some vertices from column

j to column j+1, such that the resulting set is still dominating

set for Py X, (because each vertex in s N K is dominates only
1

vertices from K; and K;y1). For 1<i<m and 1<i<n, let

W=s{(i./).(i+17).(1+2.7).(i+3.5)} . 1f 2], then we
have three cases.

Case: If {(iaj)a (2, j)} cS or {(m—l,j(m,j)} C §. Then we can
moving (L, j)to (1, j+1)or (m, j)to (m, j+1).Furthermore, S

is still dominating set of Py, x Fn

Case: |W| =4, then we put
Sy = (S=W)O{(i ) G+1,j+1),+2,j+ 1. +3, )]

Case: |W| =3 then we have two sub cases

a.  SubCase: [y|=3 and F=3n{ijh(+Lih+2 06437 ={(.6:. 62
or W= {@itL,j), (i+2,]), (i+3,))} -
symmetry, for the first we put SI:(S—W)U{(i,j),(i+2,j),(l'+1,j+1)}

Two cases are similar by

and for the second we put $;=(S-W) O{(E ), (43, ).+ 2, j+ D)}

b.  Subcase:||=3and# =5nfii,)+1,6+27)6+3,) ={(.]) 6.3, 64,
or W:{(i,j),(i+2,j),(i+3,j)}. Also, two cases are similar
by symmetry. Then we change S, respectively as follows:

$|=(S =) U{( D3, DAL} S, =(S =) U {(i. ). (3, ).+2. j+ 1)}

’

, see (Figure 1) for cases 2, 3. We repeat this process if necessary
eventually leads to a dominating set with required properties. Also,
we get S1 is a dominating set for Py, ><13n with |S|:|Sl|. Thus, we
can assume that every four consecutive vertices of the j'th column
include at most two vertices of S. This implies that §; < [m / 2], for
all 1<j<n To prove the lower bound, we suppose that ‘Kj mD‘
is be a maximum, ie S; = [m/2] Then there at must m—[m/2]
vertices in Kj+1 are not dominated (Figure 2). By maximality
of Sj, does not have three successive vertices do not belong to
S (i.e., does not exist three successive vertices Kj+l from does
not dominated by vertices from SNK;). Thus, implies that
S =[m=[m/2]/2]=[(m+2)/4] By

j i+ ji+t j it ji+1 i+t i+l
! i i i ! i
i+ : i : i+ 1+1
1+1 — =1 1+l i=1 1+1 — .
1+2 i=2 1+2 i+2 i+2 i+2
=3 i+3  i+3 =3 i+3 13

Case 2 Case 3.1 Case 3.2
Figure 1: Modify S.

Citation: Ramy Shaheen. On Domination Number of Mixed-Grid Graph . Curr Tre Biosta & Biometr 2(3)-2020. CTBB.MS.ID.000137. DOI:

10.32474/CTBB.2020.02.000137.


http://dx.doi.org/10.32474/CTBB.2020.02.000137

Curr Tre Biosta & Biometr

Volume 2 - Issue 3

Copyright @ Ramy Shaheen.

K] K_'. KR Kq K.-.

Figure 2: A dominating function of P P, .

c. Lemma: always we have a minimum dominating

set S with dominating sequence (S17S29""7Sn)' such that
[m+2)/4]<5; <[m/2] forall j=1,2,.,n

n

Proposition: Clearly, (7 xB,)=7(F,)= L}

Theorem ;/(P2 X 13,1) =n

Proof. Let S be a set defined as follows

S:{(I,Zj—l):lsjS[%J}U{(Z,Zj):ISjS[%}} We have

|S| =1, also Sisa dominating set of P2 x By By Observation 2, we

§.=0 S 2

have Sj + 3Sj+1 > m. Which implies that, if is

- n
and if Sj =lis Sj+121.Thenweget 7(P2XPn):jE1SjZ"

J+l T

Thus )/(P2 X ﬁn) =n

Theorem: )/(P3 X Isn) =n
Proof: We define S as follows: § = {(2, j)il<j< n}
Certainly, S is a dominating set of P3 X f’n with |S| =n
Also, we have }/(P3 X Isn) > 7/(P2 X Pn) =n Thus
y(PyxBy)=n

- 3n
Proposition: 7(F;xF;) < |:2}

Proof. Here, we define S as follows:
S:{(1,4]—3),(4,4]—3):1SjS[n/2]}u{(3,4j—2):13j£|:%:|}

Certainly S is a

7(PyxB)),

dominating set P4 X lsn

(see  Figure 3 for Also, we have

Kk K Ks Ky Ky

S| =2[n/4]+20(n—1)/ 41+ [(n - 2) / 4]+[(n - 3)/ 41=[3n/ 2]
- 3n
y(Byx By) < ‘:2:|

Proposition:

a. There only two cases of (5;5;1)=(Dsuch that
K;nS={L)}and Ky 0S=1{G,j+Dior K; NS =147}

and Kj+1 NS =1{2,j+1) Furthermore, two cases are similar by

symmetry. We consider the first case.
b. The case (Sj’Sj+l’Sj+2) =(LL1) is not possible.
C.  Thecase (5],5,83) =(2,L,1) is not possible.
d. 1K nS={12) then Sl =3

e. I K3nS=i(L3)}then § 15, =4.

Proof: Immediately by drawing.

Proposition: If (5;:5;,1) =01, then (5;5.5; 3)=(2.2)
or (Sj—2r’Sj—2r+1) =(L2) {where [<r and 1<j-2r,
Furthermore, the second case repeated until exist two columns

before K ; ) Kj+1 ,contains four vertices from S.

. K08 ={( )}
Proof: From Proposition 4.5.1 (1), we have

and Kj+1 NS ={G.j+ 1)} This implies that

K; 1nS=1G.j=1.(4.7-D} and then {(Lj-2)}c Kj—2 NS,
If ‘Kj—ZmS‘ =2 then Sj_l +Sj_2 =4 otherwise ‘Kj_zmS‘ =1
and K; 308=1{3.j-3).(4.j-3)}, K;4nS=i17-4)

and repetition this case until (5:5,)=(L2) or ($,,53) =(12) fwhere

jis odd or even, respectively}.
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3n

Theorem: (7 x B)= {2}

Proof. By Lemma 2.1, 1=5; <2for all j=1,....7.We have two

cases:

Case 1. Sj+Sj+123for j = 1, .., n-1. Then we get

~ n 3n
)/(P4 xB)= ]él Sj 2|:2i| {because Sl >2 ).

Case 2. Sj+Sj+1 =2 for some 1<j<n-1_ Thus, we have

(Sj + Sj+l) =LY, By Proposition 2.3(1), we consider the first case

Kj NS ={{1,/)}and K ;1 NS =13./+D} There are two subcases

Sub Case Sj_z,, + Sj—2r+1 =4 {where 4<j<-2r<j-2y

Then we can assume that each two columns including at least three

- n 3n
vertices from S and then 7(£y x£;) = ]21 §; 2[2}
Sub Case (5;2:8; P)=(5;4:5; 3)==(S; 5. +S; 5., P=(012),

Then we study the cases:

a. Ifj-2r=lije, S 1:1 and this impossible.

b. If j-2r=2.Then K, nS={(L3)} and {(3,1),(4,2)} c K, NS
. But, needs (1,1)e Sor (2,1) € S for dominate (1, 1). Furthermore

K,

K K K

Figure 3: A dominating function of P_xP,,.

Fact 1.

1. There is for  (5;:5,41:5;,5) =020,

then Kj NS = {(37/)},

one possible
Furthermore, if (5;:5;,1:8;,,)=021)

K0S =1(Lj+D.(5.j+D} and K;nS=1G,j+2)},
2. (SI’S2’S3) =(2,2,1)in not possible.

3. (5]558,,83) = (2,1,2) in not possible. Furthermore, S| +5,24
and Sl +S2 +S3 >6

Sl+S2 =4,

c.  Ifj—2r=3.Then K;nS={(3)} and {(3,2).(4,2)} c Ky NS
.Thenneeds (I,1) € S and (3,1)e Sor (4,1) € S, also S1 +S2 =4,
Now, we conclude that for all cases, when exist the case
(8.8 ;4 =D there is the case Si_ay+Sjpp1 24 before
repeated the case (Sl]’Sq-H) =(L1). Thus, we can assume that
each four columns including at least 6 vertices from S. Finally, get

6n | |3n
4 | | 2 |Finally, Proposition 2.2 together
with the last result gets

1Py Fy) = [3”}
2

- 3n
Theorem: ¥(Ps x F;) = [} +1
2

- n
}/(P4><Pn):jélSj z[

Proof: Let S defined as follows:

S{(l,l),(3,l),(5,1)}u{(3,2j):lSjs[%}}u{(l,2j+l),(5,2j+l):1SjS[(n—l)/z]}

We can check that S is a dominating set of 5 x 13,, (see Figure 3
for }/(P5 ><}312) ), with

S=3+[n/2]+2[(n—1)/2]=[3n/2]+1We need to the
following fact:

Proof. 1). By Observation 2.2, we have (Sj’Sj+1) =(L1)
is not possible. But, (Sj’Sj+1) =(12) or (2, 1) are possible, also
(Sj’Sj+1’Sj+2) =121 possible. Thus for Sj+2 = 1we must
KignS=10j+D.2.j+D} - {4, j+D,(5j+D}

or {(1,j+1),(5,j+1}. For the first and second needs 5; =2

, we rejected. Then for the case Kj+

get S;=1 and Sj12=1, furthermore K;N5={3./)}and
K;nS§=1{3.j+2}.

have

1 NS ={Lj+D,G,j+D}, we
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2). From (D, if S3 =1 have

K2 ﬂS = {(1’2)’(232)}7{(4’2)» (5»2)} or {(13 2), (5’2)} . For all

these cases Sl =7 is not possible.

then we

3) Immediately from prove (1).

Now, From Lemma 2.1, we have 1< Sj < 3. Also, Observation

2.2, gets (3, 1, 1) is not possible. By Fact 1, we include that

-r 3 1
S1+S2+S3 26 , furthermore if ;=2 then Z 5 _[ (r+ )} f
r > 2. Thus J

If n=0(mod2) then »(P5 x B,) = Z S,—51+Sz+ Z S; >4+3(" 2 {37"}1

- < 3(n-3
Forn:l(modZ)V(%XPn)=ZSj Zzsj26+ (2 ):[3;}1
= =t

By recent results with (1), we get the required.

Theorem 7(P6 xﬁn) =n,

Proof. Let S defined as follows: S =
S ={(2,1),(5,)):1< j < n}.Definitely S is a dominating set of

B xBywith 7(Px By) <[] = 2n.
By Observation 2.2, Sl >2and (Sj’Sj+1) =(,2) is not
possible. This implies that 7 (Fy x Pn) = Zn;Sj 221 Thus we get
., =
7(Pyx By) :Z‘S/ =2n
=

Theorem 7(P7 ><13,,)=2n+2

Proof. For P7 X ﬁn we define S as follows:

S = {(LD, G, (5.1, (7,1} U{(3,2),(7,2)) 1< j <[/ 2 U{(1,2)+1),(5,2)+1):1< <[ =1/ 2]

K, K.
- ()
'-
' --.-

Figure 4: A dominating function of P, xP ..

We have S is a dominating set of P, xﬁ (see (Figure 4), for

7 (P Bs)ywith|s| =4+ 2|n/ 2|+ 2|(n—1)/ 2| = 2n+2

We need to the following fact.

a. Fact 2.
b. 823
C. S1 23

Q

(51,5,)= (41 and (Sl,Sz,S3) =(3,2,2)

e. S1+SZZ6 orS1+S2+S3Z6
Jt+k
st >2(k+1),wherek>1.

d=j

Proof. 1). It is clear from Observation 2.2.

K K K-J 1o l 1
----.--“
._.....-..

K[l K[ KJI- KI'\

2) Immediately by drawing.

3) From (2), it’s clear.

4) By Observation 2.2, we have §; + 3Sj+1 2 m  This implies that

(sj,sj+1) =(3,1) is not possible. Then we get the required for (4).

Now, by Fact 2, We conclude that

;/(P7><13”) ZS >sl+s2+2s 26+2(n-2)= 2n+2(0r)

J=1 Jj=3

y(l%xli):isj 2s1+sz+s3+isj >8+2(n-3)=2n+2

= =4

Thus, by (2) together with the last result gets 7(137 x 13,,) =2n+2,
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